Background {#Sec1}
==========

Based on the work of Antczak ([@CR1]) on the V-r-invex functions, Zalmai ([@CR52]) generalized and investigated some multi-parameter generalizations of the parametrically sufficient efficiency results under various Hanson--Antczak-type generalized $\documentclass[12pt]{minimal}
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                \begin{document}$$(\alpha ,\beta ,\gamma ,\xi ,\rho ,\theta )$$\end{document}$-V-invexity assumptions for the semi-infinite multi-objective fractional programming problems. Recently, Verma ([@CR40], [@CR41]) has explored and investigated some results on the multi-objective fractional programming based on new $\documentclass[12pt]{minimal}
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                \begin{document}$$\epsilon$$\end{document}$-efficiency conditions. Based on the on-going research advances in several areas of multi-objective programming, we observe that the field of the semi-infinite nonlinear multi-objective fractional programming problems seems to be still less explored compared to the general area of mathematical programming. For more details, we refer the readers to Antczak ([@CR1], [@CR2]), Ben-Israel and Mond ([@CR3]), Brosowski ([@CR4]), Chen and Hu ([@CR5]), Craven ([@CR6]), Daum and Werner ([@CR7]), Ergenç et al. ([@CR8]), Fiacco and Kortanek ([@CR9]), Giorgi and Guerraggio ([@CR10]), Giorgi and Mititelu ([@CR11]), Glashoff and Gustafson ([@CR12]), Goberna and López ([@CR13], [@CR14]), Gribik ([@CR15]), Gustafson and Kortanek ([@CR16]), Hanson ([@CR17]), Hanson and Mond ([@CR18]), Henn and Kischka ([@CR19]), Hettich ([@CR20]), Hettich and Kortanek ([@CR21]), Hettich and Zencke ([@CR22]), Jess et al. ([@CR23]), Jeyakumar and Mond ([@CR24]), Kanniappan and Pandian ([@CR25]), López and Still ([@CR26]), Martin ([@CR27]), Miettinen ([@CR28]), Mititelu ([@CR29], [@CR30]), Mititelu and Postolachi ([@CR31]), Mititelu and Stancu-Minasian ([@CR32]), Mond and Weir ([@CR33]), Neralić and Stein ([@CR34]), Pini and Singh ([@CR35]), Reemtsen and Rückmann ([@CR36]), Reiland ([@CR37]), Sawaragi et al. ([@CR38]), Verma ([@CR40], [@CR42], [@CR41], [@CR39]), Weber ([@CR43]), Weber et al. ([@CR45], [@CR47], [@CR44]), Weber and Tezel ([@CR46]), White ([@CR48]), Winterfeld ([@CR49]), Yu ([@CR50]), Zalmai ([@CR51], [@CR52], [@CR53], [@CR54]).

In this paper, we plan to introduce the new notion of the random exponential Hanson--Antczak type $\documentclass[12pt]{minimal}
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Now we consider the following semi-infinite multi-objective fractional programming problem based on the random exponential type $\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} (P) \qquad \text{ Minimize } \varphi (x) = \left( \varphi _{1}(x),\ldots ,\varphi _{p}(x)\right) = \left( \dfrac{f_{1}(x)}{g_{1}(x)},\ldots ,\dfrac{f_{p}(x)}{g_{p}(x)}\right) \end{aligned}$$\end{document}$$subject to$$\documentclass[12pt]{minimal}
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                \begin{document}$$i \in \underline{p},\; g_{i}(x) > 0$$\end{document}$ for all *x* satisfying the constraints of (*P*).

As a matter of fact, all the parametric sufficient efficiency results established in this paper regarding problem (*P*) can easily be modified and restated for each one of the following seven special classes of nonlinear programming problems;$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned}&(P1)\qquad \underset{x \in \mathbb {F}}{\text{ Minimize}} \left( f_{1}(x) ,\ldots ,f_{p}(x) \right) ;\\&(P2)\qquad \underset{x \in \mathbb {F}}{\text{ Minimize }} \dfrac{f_{1}(x)}{g_{1}(x)};\\&(P3)\qquad \underset{x \in \mathbb {F}}{\text{ Minimize }} f_{1}(x), \end{aligned}$$\end{document}$$where $\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned}&(P5)\qquad \underset{x \in \mathbb {G}}{\text{ Minimize }} \left( f_{1}(x) ,\ldots ,f_{p}(x) \right) ;\\&(P6)\qquad \underset{x \in \mathbb {G}}{\text{ Minimize }} \dfrac{f_{1}(x)}{g_{1}(x)};\\&(P7)\qquad \underset{x \in \mathbb {G}}{\text{ Minimize }} f_{1}(x), \end{aligned}$$\end{document}$$where $\documentclass[12pt]{minimal}
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The rest of the paper is organized as follows. Some introductory and basic concepts are introduced and studied in "[Preliminaries](#Sec2){ref-type="sec"}" section along with introduction of the exponential type $\documentclass[12pt]{minimal}
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                \begin{document}$$h(\cdot ,\cdot ,\cdot )$$\end{document}$ that are placed on certain vector-valued functions whose entries consist of the individual as well as some combinations of the problem functions. "[Concluding remarks](#Sec7){ref-type="sec"}" section concludes the paper with final remarks on the obtained results and their future applications to other fields of research.

Preliminaries {#Sec2}
=============

In this section, we first introduce the concepts of the general probability theory and the exponential type $\documentclass[12pt]{minimal}
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Random variables and probability theory {#Sec3}
---------------------------------------

In this subsection, we review the fundamental concepts of the probability theory on which the function $\documentclass[12pt]{minimal}
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### **Definition 1** {#FPar1}
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### **Definition 2** {#FPar2}
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Filtration have been a feature of the theory in the literature of the stochastic processes and mathematical fiance and advanced probability field such as stochastic control theory, martingales, semi-martingales, stopping times or Markov processes. In this paper, we restrict the concept filtrated probability space to investigate some results regarding the function h as defined by the martingale processes or Markov chain in the future work. In the followings, we define the random variables and study the concepts of the first and second moments of random variables.
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The law of large numbers, which is a theorem proved about the mathematical model of probability, shows that this model is consistent with the frequency interpretation of probability and this theorem is the main idea to prove the main theorem in this paper.

### **Theorem 5** {#FPar5}
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Deterministic cases {#Sec4}
-------------------

### **Definition 6** {#FPar6}
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### **Definition 9** {#FPar9}
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Recently, Antczak ([@CR1]) introduced the following exponential type of the class of V-invex functions.
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As the exponential type of the class of functions was considered in Antczak ([@CR1]) for establishing some sufficiency and duality results for a nonlinear programming problem with differentiable functions, and their nonsmooth analogues were discussed in Antczak ([@CR2]), recently, Zalmai ([@CR52]) introduced the Hanson--Antczak type generalized $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$HA(\alpha ,\beta ,\gamma ,\xi ,\eta ,\rho ,\theta )$$\end{document}$-V-invexity, an exponential type framework, and then applied to a set of problems on fractional programming. As a result, Zalmai further envisioned a vast array of interesting and significant classes of generalized convex functions. Now we are ready to present the exponential type $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$HA(\alpha ,\beta ,\gamma ,\xi ,\eta ,\rho ,h(\cdot ,\cdot ),\theta )$$\end{document}$-V-invexities that generalize and encompass most of the existing notions available in the current literature. Let the function $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$F = (F_{1},F_{2},\ldots ,F_{p}):X \rightarrow \mathbb {R}^{p}$$\end{document}$ be differentiable at $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$x^{*}$$\end{document}$.

### **Definition 11** {#FPar11}
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In the sequel, we shall also need a consistent notation for vector inequalities. For $\documentclass[12pt]{minimal}
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For the purpose of comparison with the sufficient efficiency conditions that will be proposed and discussed in this paper, we next recall a set of necessary efficiency conditions for (*P*).

### **Theorem 15** {#FPar15}
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Random cases {#Sec5}
------------
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The following are the new definitions related with randomness which will be used for the main results.
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### **Definition 18** {#FPar18}
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Asymptotic sufficiency conditions {#Sec6}
=================================

In this section, we present several sets of asymptotic sufficiency results in which various generalized exponential type $\documentclass[12pt]{minimal}
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Concluding remarks {#Sec7}
==================

In this paper, we have introduced several notions of random exponential type $\documentclass[12pt]{minimal}
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                \begin{document}$$(\alpha ,\beta ,\gamma ,\xi ,\eta ,\rho ,h(\cdot ,\cdot ),\theta )$$\end{document}$-V-invexity (Zalmai [@CR52]), while this generalizes most of the existing notions in the literature), and then applied to establish some results to the context of a class of asymptotically sufficient efficiency conditions in semi-infinite multi-objective fractional programming. Furthermore, the obtained results can be applied to generalize the related duality models and theorems in Zalmai ([@CR53], [@CR54]), and more. Our results also indicate a wide range of future applications to other problems arising from higher order random invexities and its variants.
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